THE GROWTH SEQUENCE OF SYMPLECTOMORPHISMS 
ON SYMPLECTICALLY HYPERBOLIC MANIFOLDS 



YOUNGJIN BAE 

Abstract. We study the growth rate of a sequence which measures the uniform norm of 
the differential under the iterates of maps. On symplectically hyperbolic manifolds, we show 
that this sequence has at least linear growth for every non-identical symplectomorphisms 
which are symplectically isotopic to the identity. 



1. Introduction 

Let {M, g) be a closed connected Riemannian manifold. Given a diffeomorphism p on M, 
its growth sequence is denned by 

T n (p) := max I max \dtp n (m)\ g , max \dp~ n (m)\ g I , n G N. 

Here the norm of the differential is given by the operator norm. The explicit value of the 
growth sequence is hard to compute, with the following terminology however, we measure the 
growth rate of F n (tp). Given two positive sequences a n , b n : N — > [0, oo), let us denote a n < b n 
if there exists c > such that a n < c(b n + 1) for all n € N. 

We investigate T n (p) for a symplectomorphism p in the identity component of the group 
of symplectomorphism Symp (M,uj) of a symplectic manifold (M, uj). Polterovich proved, 
in his beautiful paper [Pol] , many interesting results about the growth type on T n (tp) for 
ip € Symp (M,uj) \ {1} on a closed symplectic manifold (M, uj) with ^(Af) = 0. Among 
them, let us state a related result to this article as follows: A closed symplectic manifold 
(M, uj) with 7T2(M) = is called symplectically hyperbolic, if the symplectic form uj admits 
a bounded primitive on the universal cover p : M — > M. On this symplectically hyperbolic 
manifold (M, uj), Polterovich showed T n (<p) > n when (p € Symp (M,uj) \ {1} has a fixed 
point of contractible type. 

The existence of fixed points with positive action difference is crucial in his proof. When <p 
is a Hamiltonian diffeomorphism, the existence of a fixed point is obtained from Floer's proof 
[Fi] of Arnold's conjecture and another fixed point with different action is established in the 
work of Schwarz [Schj by using Floer homology. For a non-Hamiltonian diffeomorphism, we 
have a non-trivial flux, see Definition 12. 71 This guarantees another fixed point with a different 
action from the given fixed point. 

In 2-dimensional case i.e. a closed oriented surface Ti g of genus g > 2, see Example 12.41 
we know that there exists a fixed point of (p € Symp (T, g ,uj). In [Grolj . Gromov proved that 
(— l) n x(M) > for a symplectically hyperbolic manifold (M, uj) which is Kahler. Using this 
non-vanishing Euler characteristic, one can also obtain a fixed point of <p G Symp (M,uj) 
as in |PoH Example 1.3.C]. In the above cases, we hence conclude T n (ip) > n for p € 
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Symp (M,u) \ {1}, but there is no known result about the existence of fixed points of tp 
on symplectically hyperbolic manifolds in general. We will prove the following statement 
even though there is no assumption on a fixed point. 

Main Theorem. Let (M, oj) be a symplectically hyperbolic manifold. If <p> G Symp (M,uj) \ 
{!}, then F n (cp) > n. 

Our main tools are the mapping torus construction and the cofilling function of the twisted 
Hamiltonian structure which will be introduced in the following section. We interpret the 
non-trivial flux of non-Hamiltonian diffeomorphism into a certain type of cofilling function. 

The concept of the growth sequence can be generalized as follows: Let Ej be the set of 
smooth embeddings a of an i-dimensional cube [0, l] 1 into M. Denote by /u(<r) the volume of 
cx([0, 1]*) C M with respect to g. For each i G {1, . . . , dimM}, we define the i-th slow volume 
growth by 

>g/i(y>)) 

Si[ip) := sup hmmf . 

CTgS . rwoo logn 

If ip is compactly supported, is independent of the choice of g. One can check that 

rn(v?) ^ n if and only if s\{(p) > 1. These entropy- type invariants measure the orbit struc- 
ture complexity of a smooth diffeomorphism ip, see |KH| for the related topics. 

Corollary. Let (M, u) be a symplectically hyperbolic manifold. If (p G Symp (M,uj) \ {1}, 
then Si(c^) > 1. 

In [Fm[FSU[FS3], Frauenfelder and Schlenk considered si(» for <p G Symp c Q {T*B, dX)\{t] 
and Sdims(¥') for </? G Symp^T* B , dA) \ {1} of the Dehn-Seidel twist type on a compact rank 
one symmetric space B. They interpreted Lagrangian intersections into the slow volume 
growth of Lagrangian submanifolds by using Lagrangian Floer homology. 
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kindness. I also thank Peter Albers, Jungsoo Kang and Felix Schlenk for helpful comments. 
This paper is written during a stay at the university of Minister. I thank for its stimulating 
working atmosphere and generous supports. 
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2. Preliminaries 

2.1. Cofilling function. 

Definition 2.1 ( |Gro2j . [Pol] ). Let a G fl 2 (M) be a closed 2-form and a G n 2 (M) is exact. 
Let V a be the space of all 1-forms on M whose differential is a. Pick a point x G M and 
denote by B x (s) the ball of radius s > with respect to g which centered at x. Then the 
cofilling function u a : [0, oo) — > [0, oo) is defined by 

u a (s) = u a>g>x (s) := inf sup \9 z \g. 

e ^zeB x (s) 

Here the norm of a differential form is 

\9 z \g := max{8 z (v) : \\v\\g = 1}. 

Given two functions /, g : [0, oo) — > [0,co), we write / < g if there exists c > such 
that f(s) < c(g(s) + 1) for all s G [0,oo), and / ~ <? if / < <?, g < f- If we choose 
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another Riemannian metric g' on M and a different base point x' then we can check that 
u a,g,x ~ Ua,g',x'- This means that the growth type of the cofilling function is an invariant of 
the closed 2-form a. 



Proposition 2.2. The growth type of the cofilling function only depends on the cohomology 
class. 

Proof. Let a, a' be closed 2-forms on a closed manifold M and a, a' are exact. Assume 
[a] = [a'], then we need to show that u a (s) ~ u a '(s). Since a' is cohomologous to o there 
exists a 1-form £ such that a' = a + d^. Now we compute 



T '^ = ^ sup 

z£B x (s) 



~>z\g 



= inf sup \(9 + C)z\g 

e ^ V ° zdB x {s) 

< inf sup \9 z \g+ sup \£ z \g 

d ^z&B x (s) z£B x (s) 

< inf sup \0z\g + max |£ 2 L 
d ^zdB x {s) »eM 

=u a (s) + C, 



where C = max zS M \£,z\g- in a similar way we obtain u a (s) < u a *(s) + C. These conclude 
u a (s) ~ u a '(s). □ 

Example 2.3. Consider the standard symplectic torus (T 2n = R 2n /Z 2n , a; = T,f =1 dxi A (%) 
with the metric induced by the Euclidean metric on M. 2n . Since uj = d(S" =1 Xj Ady,) € 2 (IR 2 ™) 
and 5]" =1 x.j A dy^ has linear growth with respect to the Euclidean metric on M? n , it follows 
that it w (s) < s. 

For any primitive a £ Q 1 (M? n ) of uj, we obtain 

* n 2n f ~ f / f 27T™ 

— s = lo = a < sup \a z \ ■ 1 < sup |a 2 | • ^ — -s 

re! JB x {s) JdB x (s) zddB x {s) JdB x (s) z£dB x (s) (™ ~ 1) ! 



This implies sup z£Bx ^ \a z \ > ^ and hence we conclude that itu;(s) ~ s. 

Example 2.4. Let (Y, g ,uj) be a closed oriented surface of genus g > 2 with a volume form. 
First represent M as H/G, where EI = {x + yi £ C : y > 0} is the hyperbolic upper half-plane 
and G is a discrete group of isometries. Without loss of generality, we may assume that the 
lift uj of oj to the universal cover M coincide with the hyperbolic area form ^dxAdy. Note that 

uj = d(^dx) and ^dx is bounded with respect to the hyperbolic metric ds 2 = \{dx 2 + dy 2 ) on 
HI. By the definition, (T, g ,uj) is a symplectically hyperbolic manifold and every symplectically 
hyperbolic manifold satisfies u w (s) ~ 1. 

Proposition 2.5. Let M , N be closed manifolds and h : N — > M be an immersion. Let 
a € Q 2 (M) be a closed 2-form which is exact on M, then Uh* a (s) < u a (s). 
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Proof. Let g be a Riemannian metric on M then h*g gives a Riemannian metric on N. We 
have the following commutative diagram on the universal covers: 



PN 



PM 



(N,h*g)-H-+(M,g) 

where [— ] are the lifts of [— ] to the universal covers. Now choose a primitive 6 G Q l (M) of 
a, then h*9 G Q l (N) is a primitive of h*a. Pick a point z G iV, we note that 

= max{(0)*[t;] : |M|^~ = 1, u G T 2 iV} 
= max{^ (z) [/i ;t w] : ||/j*u||g = 1, u G T 2 iV} 
<max{0£ (z) (v) : |h% = 1, « G T~ h{z) M} 

This implies the following computation: 

mf sup |0 2 |^~ 
< inf sup |(7i*0)Jr.~ 



CT z6B^( S ) 

< inf sup 



6£V a 



'h(zya 



< inf sup l^ljr 

which concludes the proof. 

Corollary 2.6. If (M,uj) is a symplectically hyperbolic manifold then 

oj = 



□ 



/CP) 



/or any immersion f : T 2 — > M. 



Proof. If the integral is non-zero, then [f*u] ^ in /f 2 (T 2 ,IR). By Example E3] and 
Proposition 12. 5[ we deduce the following contradiction: 

s ~ Uf* u (s) < u u (s) ~ 1. 

□ 

Indeed, Corollary 12.61 holds true for any smooth map / : T 2 — > M and the proof is almost 
same, see |K§d| . 



THE GROWTH SEQUENCE OF SYMPLECTOMORPHISMS 5 

2.2. Flux homomorphism. Let p> £ Symp (M,uj) and {</?f }te[o,i] a P a th of symplectomor- 
phisms such that (po = 1 and p\ = p. We define an induced vector field Yt by 

^-p>t = Y t op t (2.1) 
at 

which is called a symplectic vector field. Since the Lie derivative Cy t ko vanishes, we get a 
closed 1-form Ly t uj for each t G [0, 1]. 

Definition 2.7. The flux homomorphism Flux : Symp (M,uj) H 1 (M, R) is defined as 
follows: 

Flux({p t }) = / [i>yM dt, 
Jo 

where [a] is the cohomology class of a form a. 

The kernel of Symp Q (M,uj) — > Symp (M,u) can be identified with the fundamental group 
■Ki(Symp (M,io)). We denote by r w C H (M, R) the image of 7ri(Symp (M,Lo)) by F/wx and 
we call r w the /Zwx group of (M, w). Then Flux descends to a homomorphism 

Flux: Sym Po (M,Lo) -> fl-^Af.RJ/r^. 

The next well-known fact is proved in |MSj . 

Theorem 2.8. Ham(M,uo) =ker Flux. 

Proposition 2.9 (|Kcd], [Pol| ) . Let (M,u) be a symplectically hyperbolic manifold, then the 
flux group T u = in H l (M,~R). 

The atoroidal property of co, JyYT 2 ) 00 = ^ ^ or an y smo °fh / : T 2 ^ M, is important in the 
proof of Proposition 12.91 We then have 

Flux : Symp (M, lo) ->■ if 1 (M, R). 

2.3. Hamiltonian structures. Let E be a closed connected orientable manifold of dimension 
2n + 1. A Hamiltonian structure on E is a closed 2-form w such that uj n is nowhere vanishing. 
So its kernel kerw defines a 1-dimensional foliation which we call the characteristic foliation 
of CJ. 

Definition 2.10. A Hamiltonian structure (E,w) is called stable, if there exists a 1-form A 
such that 

ker lo C ker dX, A A to' 1 > 0. (2.2) 
We call the 1-form A a stabilizing 1-form. This structure defines the Reeb vector field R by 

\(R) = 1, tfl w = 0. 

Definition 2.11. A Hamiltonian structure is called virtually contact, if there is a covering 
p : E — >■ E and a primitive A £ f2 1 (E) of p*w such that 

sup|Aa;| < C < oo, inf A(i?) > /x > 0, 

where | • | is the lifting of a metric on E and R is the pullback of a unit vector field generating 
ker cj. 
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M y = ,_ zi,^ (3.i) 



3. Hamiltonian structures on mapping tori 

For a symplectically hyperbolic manifold (M, uj) and a symplectomorphism <p € Symp (M, uj), 
we consider a mapping torus of M with respect to ip which is constructed as follows: 

M x [0, 1] 
(m,0) ~ (<p(m),l)' 

Now we consider two mapping tori Mi, AL and Hamiltonian structures on the tori. The 
trivial mapping torus Mi = M x S 1 carries a Hamiltonian structure cji := tt*uj, where 
7r : Mi — > M : (m, 0) \— > m. The non-trivial one M^ admits a Hamiltonian structures 
uj v := vr*a;, where tt v : M^ — > M : (to, 0) i— > m. The Hamiltonian structure ui^ is a well- 
defined 2-form on M„, since y?*u; = u;. Note that the both Hamiltonian structures have the 
kernel which is spanned by Let us choose a path of symplectomorphism {y?t}te[o,i] from 
= 1 to <pi = tp. The twisting map / : Mi — > is then given by 

f{m,9) = (Mm),0). (3.2) 

Lemma 3.1. Let (Mi,o;i), (M^,,^) and / : Mi — > M v be as above, then we obtain 

f*u)tp = uj\ — it*{bY e oS) AngdO, (3.3) 

where tt : M t -> S 1 : (m, 9) ^ 9. 

Proof. Let (mj,0j) be a tangent vector in Tr^mM]. Note that we identify TgS 1 with R, so 
9{ is considered as an element of R. We then consider f*0J v as follows: 

(f*U<?)x {(mi, 6>i), (m 2 ,0 2 )) = (^)/(j;)(/*(^l,^l),/*(^2,6 , 2)) 

=(^)/(s)((d¥>0(ra)[rai] + 6*i • (dp e (m)[m 2 ] + 2 • F [^ e (m)], 2 )) 

=(^)f(x){{^i ■ Ye[(po(m)],0), (dipe(m)[m 2 ],92)) 

+ {^ ¥ >)f(x){(dpe(m)[m 1 ],9 1 ), (02 • Fe[^(m)],0)) 

+ • y e [^(m)],0), (0 2 • Ye[pe(m)],0)) 

+ {^ l p)f(x){{dpe(m)[m 1 ],9 1 ), (d(po(m)[m 2 ], 9 2 )) • 

V V ' 

= :0 

Here is the symplectic vector field defined in (12. ip . In order to simplify the o-term we 
compute 

o /(x)((^e(m)[mi],0i), (#0M[m 2 ],0 2 )) 

=<*V 9 (m ) (<ty>0 (m) [mi] , d<^ (m) [m 2 ] ) 
=(^w) m (mi,m 2 ) 
=w m (mi,m 2 ), 

where the last equality comes from the assumption that pg : M — > M is a symplectomorphism. 
We also know 

(wi) x ((mi,0i),(m 2 ,02)) =(7r*w)a;((mi,0i), (m 2 ,0 2 )) 

=w m (mi,m 2 ). 

By combining (13. 4p . (13, 5p we obtain 

(wi) a; ((mi,0i), (m 2 ,0 2 )) = (w (p ) /{a .)(((i^e(m)[mi],0i), (d^(m)[m 2 ], 2 )) . (3.6) 
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Then the difference between f*u v and u\ becomes 

{f*u v - u 1 ) x ((m 1 ,e 1 ), (m 2 ,0 2 )) =(^)f( x ) ((^l ■ Yg{ipg(m)},0), (dipg(m)[m 2 ], 2 )) 

+ ( w ¥>) f(x){(d<Pe(rn)[mi], 6»i), ((9 2 • F e [^(m)],0)) 
=^ e ( m )(dvi9M["n],^2 • ie[wHl) 
+ <*V e ( TO )(0i ' Y e [<p e {m)], dipe(m)[m 2 ]) ■ 

On the other hand, we have 

(■K*(L Ye oj)A^de) x ((m 1 ,e 1 ),(m2,e 2 )) 

= {^* ( l y A 7TgcZ0) ( (<fy>e (m) [mi] , 6»i ) , (c^ (m) [m 2 ] , 2 )) 

=( i y e w ) v .e(m)(^e( m )[ m i]) • (d0) e (0 2 ) 

~ ^Y g oj)^ m ){dip e (m)[m 2 }) ■ {d6)e(0i) 
=u Vi ( m ) (Ve [920 (m)] , dv? e (m) [mi]) • 6 2 

- u<p e {m){ Y o[ve(m)],d<pe(Tri)[m2]) ■ 0\. 



(3.7) 



(3.t 



By combining (|3.7p and (|3.8p . we conclude (|3.3p . This proves the lemma. □ 

Remark 3.2. The Hamiltonian structure cj^ on M^, has its kernel spanned by J^. If there 
exist a closed orbit 7 : S 1 — > of Jjj, then its projection 71-07 : g 1 — >• M gives us a symplectic 
fixed point with respect to (p € Symp (M,oj). One can easily check that (f*u} ip )(-^ — Yg) = 0. 
This implies that the vector field ^ — Yg spans the ker f*u) v on M\. The closed orbit of 
— Yg also can be interpreted as a fixed point of the vector field of Yg. 

Proposition 3.3. Let (M,uj) be a symplectically hyperbolic manifold and (p € Symp (M,co). 
If Flux (ip) 7^ then the Hamiltonian structure f*0J v € Q 2 (Mi) satisfies Uf* UJif (s) > s. 

Proof. First recall that 

f*U) v =U\- 7T*(ty e w) A TTq dO. 

Since our symplectic manifold (M, u) is symplectically hyperbolic, the standard Hamiltonian 
structure u)\ = tt*uj € £l 2 (M\) admits a bounded primitive tt*X on M x R, where ui = d\ and 
7T : M x R ->• M is the lift of vr. 

Now we consider the twisted term 7r* (ty.w) Aii^dO . Since Flux{ip) is nontrivial in H l (M, R), 
there exists a € 7Ti(M) such that (Flux(ip),a) 7^ 0, where a stands for the image of a in 
Hi (M, Z) under the Hurewicz homomorphism. Without loss of generality, we may choose an 
immersed curve 7 : S 1 — > M such that [7] = a. 

Let us consider the induced immersion of T 2 



h : T 2 -> Mi = M x S 1 
(i,0)^( 7 (i),0), 



s 
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d"f 
~dt 



then by (|3.3j) we calculate 

- / f*UJ v = I L Yf) UJ A dO 

Jh{T 2 ) Jh{T 2 ) 

'0 JO 

(^j t Yf) U}C 

= (Flux (if), ~a) 

This implies that [h*f*u v ] + in H 2 (T 2 ,R). From Example E3] and Proposition [231 we have 



dtdO 
~dl 



dt 



□ 



Corollary 3.4. Lei (M, u>) be a symplectic manifold and (M^,uj v ) be the mapping torus with 
the induced Hamiltonian structure in (3. 6]) . If Flux (tp) ^ 0, then (M^w^) admits a stable 
Hamiltonian structure but no virtually contact structure. 

Proof. As mentioned in Remark 13.21 kei( f*uj, r ) is spanned by the vector field Jjj — Y$. In 
order to define a stable structure on (M^,lo^) = (M x S 1 ,/*^), we choose the stabilizing 
1-form A in Definition ^. 1 1 as TTgd8. Since A = TTgdO is closed, the first condition in (|2.2p holds 
trivially. One can verify that A A (f*u ip ) n = iTgdO A ir*uj n , 2n = dimM and it is nowhere 
vanishing which implies that the second condition in (|2.2p also holds true. Thus (M t 



admits a stable Hamiltonian structure with a stabilizing 1-form TTgdd. By Proposition 
the Hamiltonian structure uj^ has a cofilling function of at least linear type. This means that 
there is no bounded primitive of uj^ even in the universal cover and hence (M^,^) cannot 
be a virtually contact structure. □ 

In order to obtain primitives of the Hamiltonian structures, we now consider the lifted 
structures on the universal covers. The lifted Hamiltonian structure (Mj,uj{) is clearly iso- 



morphic to (M x R, vr*w), where tt : M x 



M : (m, r) i-> m. Note that M v = M x 



and uj^ = 7r*w, 



where 7r^ : M, 



M is the lift of vr^, : M, 



M. Since tt 



tx^p , we have 



(M v ,u v ) = (M x 

Even though both lifted structures {M\,uj\), (M^^uj^) are isomorphic to (Mxl,5f*w), they 
have different deck transformations as follows: An element n € Z = 7Ti(§ 1 ) 7Ti(Mi) induces 
a translation (m, r) i— >• (m, r + n) on the universal cover Mi, while n € Z = vr^S 1 ) ^ vr^M^,) 
gives a twisted one (m, r) i— >• (p n (fh), r + n) on M^. Here <p : M — >■ M is the lift of : M — > M 
and ^ n is the n-th iterates of <p. 



We next consider the lift / : Mi 
suffices to define the following: 



M v of / : Mi M„. Since Mi = M x 



Af v , it 



/:MxR-)-MxR 
(m,r) i— > (£> r (m),r). 

Here £> r = £v_u-j o (p^ r ^, where [r] is the largest integer not greater than r and <pq is the lift 
of <pg for < 9 < 1. We summarize the Hamiltonian structures, maps and its lifts into the 
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following diagram: 



(M,u) 



(M,w) 



Pi 



(3.9) 



Here pi, p v are the natural projections. 

Now we consider Riemannian metrics on the above spaces. Let g be a Riemannian metric 
on M, gg be the standard metric on S 1 = R/Z which is induced by the Euclidean metric on 
R. We consider a product Riemannian metric g\ := g © on Mi = M x S 1 and g, be lifts 
to the corresponding universal covers M, M x R respectively. 

The lifted Hamiltonian structure (M^,^) = (M x R,7r*u;) admits a bounded primitive 
7r*A G ^(M^,), i.e. d(7r*A) = tt*uj, with respect to gi. Here the primitive 1-form A 6 
O (M) exists and bounded with respect to g, since our manifold (M,ui) is symplectically 
hyperbolic. This immediately implies that the pull-back f*0J v also has a bounded primitive 
with respect to the pull-back metric f*gi. Proposition 13.31 guarantees, however, that f*0J v 
never admits a bounded primitive with respect to the metric gi, when (p is a non-Hamiltonian 
symplectomorphism. Note especially that f*gi cannot be expressed as a lift of a Riemannian 
metric on Mj. 

We now investigate the pull-back metric f*g\ on M\. For n G Z C R, (m,n) G Mi and 
\Mj, we have 



(mi,0) G T (r7lin) j 

(7*ffi)(m,n)((mi,0), (m 2 ,0)) 



= (5i)/(m, n ,) 0), /*(m 2 , 0)) 

=(&)/(«,») (™) [^l] ' °) ' ^] , 0)) 

%™ (m) (™) [™l] i ^ (™) [™2] ) 

=0yj" (m) ( m ) , ^ (™) [™>2] ) , 



(3.10) 



where m = p(m) and rrij = p*{mi). 



4. Proof of Main Theorem 

When ip is Hamiltonian diffeomorphism on (M, a;), as mentioned in Introduction, the 
Polterovich's result implies T n (ip) > n. So we only need to consider a symplectomorphism 
ip G Sympo(M,u) with a non- vanishing flux. 

We remark that we can choose a primitive f*n*X G 1 (Mi) of which is bounded with 
respect to the twisted metric f*gi- But /*7?*A has at least linear growth with respect to the 
standard metric g\ by Proposition 13.31 Now we interpret the difference between g\ and f*g\ 
into the growth rate of T n (ip). 

Let us fix a primitive 

/*7T*A = 7T*A + T • 7t*(LyJjj) (4.1) 

of /*uL in Lemma 13.11 Here r is the coordinate for R = 8 1 and Y r is a vector field on Mi 
which is the lift of Y$. Without loss of generality, we may assume that [ty t (J\ G H l {M, R) is 
non-trivial for t = which implies that max zg jgr|(tp oj)\g is positive for all n G N C R. Now 
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we pick a point m € M such that 

\{l<Y u) m \g = | (LyJZl)m\g > 0> Vn € N C R. 

Since |vf*A|g 1 is bounded, 

l(7*7T*A)(m,n)lgi ~ n ' \(%Z)m\g ~ Vn € N C M. 

By the definition of the norm, there should be a sequence of tangent vectors {X n } nS N> X n 6 
T(^ n )Mi which meets the following conditions: 

• HXnllgj = ||7f*X n ||g = ||p*7r*X n || 9 = 1, Vn G N; 

• (/*7T*A)(m,„)(X n ) ~ n, 

where tt : M\ — > M, p : M — ?■ M are the same as in ()3.9|) . Note that X n has no r-direction 
component, because f*X v in (14. If) does not have dr-part. 
Now we change the metric g\ into f*gi on Mi as follows: 

n ~(/*7r*A)(^ )n )(X n ) 

< sup icrrAWf.- -11^11/^ 

= sup KtTA)^ ■ WXnWj^ 

— I! n Uf* gi i 

where the constant C > comes from the fact that tt*\ is bounded with respect to the metric 
<?i. Since the tangent vector X n has no r-direction, we use (|3.10p to obtain 

n 2 <||X " 2 



/ 31 

= (/*5l)(m,n)(^n,Xn) 

=9<p*(m) {dv n {m)[p*K*X n ],d(p n (m)[p*TT*X n }) 
< max |d<^ n (m)| 2 • g(p 1f : n 1f X n ,p Jf : K it X n ) 

= max \dip n (m)\ 2 . 

Hence we conclude that max mS M \d<p n (m)\ g has at least linear growth. 
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